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SPECIALIZATIONS OF COLORED QUASISYMMETRIC FUNCTIONS
AND EULER–MAHONIAN IDENTITIES
VASSILIS-DIONYSSIS MOUSTAKAS
Abstract. We propose a unified approach to prove general formulas for the joint dis-
tribution of an Eulerian and a Mahonian statistic over a set of colored permutations by
specializing Poirier’s colored quasisymmetric functions. We apply this method to derive
formulas for Euler–Mahonian distributions on colored permutations, derangements and
involutions. A number of known formulas are recovered as special cases of our results,
including formulas of Biagioli–Zeng, Assaf, Haglund–Loehr–Remmel, Chow–Mansour,
Biagioli–Caselli, Bagno–Biagioli, Faliharimalala–Zeng. Several new results are also ob-
tained. For instance, a two-parameter flag major index on signed permutations is in-
troduced and formulas for its distribution and its joint distribution with some Eulerian
partners are proven.
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1. Introduction
For a positive integer n, we denote by Sn the set of permutations of [n] := {1, 2, . . . , n}.
For w ∈ Sn, an index i ∈ [n− 1] is called a descent of w, if w(i) > w(i+ 1). The set of
all descents of w, written Des(w), is called the descent set of w. The cardinality and the
sum of all elements of Des(w) are written as des(w) and maj(w), respectively, and called
the descent number and major index of w. A statistic on Sn which is equidistributed
with des (resp. maj) is called Eulerian (resp. Mahonian). Let
An(x, q) :=
∑
w∈Sn
xdes(w)qmaj(w)
be the generating polynomial for the joint distribution (des,maj) on Sn, sometimes called
the n-th q-Eulerian polynomial. The polynomial An(x) := An(x, 1) is called the n-th
Eulerian polynomial and constitutes one of the most important polynomials in combina-
torics. The interested reader is referred to the wonderful book exposition of Petersen [44],
and references therein, for many properties of Eulerian distributions and connections with
algebra and geometry.
The distribution of a pair (eul,mah) of permutation statistics on Sn, which satisfies∑
w∈Sn
xeul(w)qmah(w) = An(x, q)
is called Euler–Mahonian. MacMahon [41, Vol.2, Section IX] proved a formula which
specializes to ∑
m≥0
[m+ 1]nq x
m =
An(x, q)
(1− x)(1− xq) · · · (1− xqn)
, (1.1)
where A0(x, q) := 1 and [n]q := 1 + q + · · · + q
n−1 is the q-analogue of n. This formula,
usually attributed to Carlitz [19] (and hence called the Carlitz identity), serves as the basis
for many generalizations on Coxeter groups and r-colored permutation groups, that is
wreath products Zr ≀Sn. Identities such as (1.1), involving Euler–Mahonian distributions
will be called Euler–Mahonian identities. Equation (1.1), for q = 1, reduces to the
following identity [53, Proposition 1.4.4] (sometimes used as the definition of Eulerian
polynomials) ∑
m≥0
(m+ 1)nxm =
An(x)
(1− x)n+1
. (1.2)
As mentioned in [12, Section 1], a general approach to prove Euler–Mahonian identities,
among others, is via the theory of symmetric/quasisymmetric functions. Quasisymmetric
functions are certain power series in infinitely many variables that generalize the notion
of symmetric functions. They first appeared, not with this name yet, in Stanley’s thesis
[50] (for a detailed description of Stanley’s contribution to symmetric/quasisymmetric
functions see [17]) and were later defined and studied systematically by Gessel [33] (see
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also [52, Section 7.19] and [34, Section 8.5]). In this paper, we aim to provide a uni-
fied approach to prove Euler–Mahonian identities on r-colored permutation groups by
specializing Poirier’s colored analogue of quasisymmetric functions [46].
Specializations of symmetric functions date back to Stanley’s work on the enumeration
of plane partitions [49]. Gessel and Reutenauer, in their seminal paper [35], used the
stable principal specialization and the principal specialization of order m of fundamen-
tal quasisymmetric functions, together with the fact that the quasisymmetric generating
function of the set of permutations of fixed cycle type is symmetric, to derive formulas for
the joint distribution of the descent statistic and major index on cycles, involutions and
derangements. Let us now illustrate how one can specialize fundamental quasisymmetric
functions in order to prove Equation (1.1). This proof will serve as a prototype for all
proofs of our applications in Section 4. For a similar approach, see the recent paper of
Gessel and Zhuang [36].
For a sequence x = (x1, x2, . . . ) of commuting indeterminates, the fundamental qua-
sisymmetric function associated to S ⊆ [n− 1] is defined by
Fn,S(x) :=
∑
i1≥i2≥···≥in≥1
j∈S⇒ ij<ij+1
xi1xi2 · · ·xin , (1.3)
and F0,∅(x) := 1. The original definition [52, Equation (7.89)] actually defines Fn,S as
in (1.3) with 1 ≤ i1 ≤ i2 ≤ · · · ≤ in instead. Our choice of definition will become clear
later in the paper (see also [7, Section 4.3]). The standard way to connect quasisymmetric
functions with permutation statistics is by associating the fundamental quasisymmetric
function Fn,Des(w) with w ∈ Sn as done in [35, Section 5]. Let C[q] (resp. C[[q]]) denote
the ring of polynomials (resp. formal power series) in variable q with complex coefficients.
The stable principal specialization (resp. principal specialization of order m) is a ring
homomorphism ps : QSym(x) → C[[q]] (resp. psm : QSym(x) → C[q]) defined by the
substitutions
x1 = 1, x2 = q, x3 = q
2, . . .
and
x1 = 1, x2 = q, . . . , xm = q
m−1, xm+1 = xm+2 = · · · = 0,
respectively, for a positive integer m, where QSym(x) stands for the C-algebra of qua-
sisymmetric functions of bounded degree with complex coefficients in x.
The principal specialization of order m and stable principal specialization of Fn,S are
given by the following formulas [35, Lemma 5.2] (see also the first half of [33, Section 4])∑
m≥1
psm(Fn,S) x
m−1 =
x|S| qsum(S)
(1− x)(1− xq) · · · (1− xqn)
(1.4)
ps(Fn,S) =
qsum(S)
(1− q)(1− q2) · · · (1− qn)
. (1.5)
where sum(S) stands for the sum of all elements of S. These formulas allow us to study
the Euler–Mahonian distribution on Sn by specializing the quasisymmetric generating
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function
F (A;x) :=
∑
w∈A
Fn,Des(w)(x)
associated to a subset A ⊆ Sn. In particular, one has [35, Theorem 5.3]∑
m≥1
psm(F (A;x)) x
m−1 =
∑
w∈A x
des(w) qmaj(w)
(1− x)(1− xq) · · · (1− xqn)
(1.6)
ps(F (A;x)) =
∑
w∈A q
maj(w)
(1− q)(1− q2) · · · (1− qn)
, (1.7)
A celebrated result, due to MacMahon (see, for example, [53, Chapter 1, Notes]), is the
formula
An(1, q) = [1]q[2]q · · · [n]q (1.8)
for the distribution of the major index on Sn. Although the relation between Equations
(1.1) and (1.8) is not obvious, the above mentioned machinery allows us to easily prove
both these equations in a uniform way. The quasisymmetric generating function F (Sn;x)
is known to have [52, Corollary 7.12.5] the following nice form
F (Sn;x) = (x1 + x2 + · · · )
n. (1.9)
Taking the principal specialization of order m and the stable principal specialization of
Equation (1.9) yields
psm(F (Sn;x)) = [m]
n
q
ps(F (A;x)) =
1
(1− q)n
,
respectively. Then, Equations (1.1) and (1.8) follow by substituting these computations
in Equations (1.6) and (1.7), for A = Sn, respectively.
This proof suggests that whenever F (A;x) has a nice form, then we can use Formulas
(1.6) and (1.7) to compute Euler–Mahonian identities onA. In particular, forA = Dn, the
set of derangements of Sn, Gessel and Reutenauer [35, Theorem 8.1] computed F (Dn;x)
in terms of elementary and complete homogeneous symmetric functions. In Section 4.2
we specialize their formula to prove an Euler–Mahonian identity on Dn, which refines
Wachs’ celebrated formula [56, Theorem 4]∑
w∈Dn
qmaj(w) = [n]q!
n∑
k=0
(−1)k
q(
k
2)
[k]q!
. (1.10)
The goal of this paper is to extend this symmetric/quasisymmetric function approach
by specializing colored quasisymmetric functions, introduced by Poirier [46], in order to
prove Euler–Mahonian identities for the colored permutation groups. In other words,
we provide a colored analogue of the method demonstrated above (pioneered by Ges-
sel and Reutenauer in [35]), by replacing Gessel’s fundamental quasisymmetric functions
with Poirier’s colored quasisymmetric functions and using variations of the stable principal
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specialization and principal specialization of orderm. A first instance of this technique ap-
pears in the work of Athanasiadis [7, Equation (45)], where he proves [7, Proposition 2.22]
an expansion of the generating polynomial of the Eulerian distribution on signed involu-
tions in terms of Eulerian polynomials of type B. We provide a colored generalization of
this formula (see Corollary 4.11) for absolute involutions, a class of r-colored permutations
which coincides with involutions and signed involutions for r = 1 and r = 2, respectively.
A second instance appears in [42, Lemma 3.1].
Different type B analogues of quasisymmetric functions have been suggested (for a
comparison between Chow’s type B quasisymmetric functions and Poirier’s, see [43]). Our
choice of colored quasisymmetric functions, and much of the motivation behind this paper
comes from the fact that Poirier’s signed analogue of the fundamental quasisymmetric
functions [46] were recently employed by Adin et al. [1] in order to define and study a
signed analogue of the concept of fine sets and fine characters of Adin and Roichman [5].
All classes of permutations considered in the applications are fine sets in the sense of [1].
The paper is organized as follows. Section 2 surveys colored permuation statistics and
Euler–Mahonian identities known in the literature and discusses colored quasisymmetric
functions. Section 3 presents the main results of this paper on specializations of colored
quasisymmetric functions (see Theorems 3.1, 3.3 and 3.5). In this section we also intro-
duce a two-parameter flag major index on signed permutations and provide formulas for
its joint distribution with some Eulerian partner (Theorem 3.6). Section 4 presents appli-
cations of our main results. In particular, Section 4.1 concerns Euler–Mahonian identities
on permutations, Sections 4.2 and 4.3 concern Euler–Mahonian identities on derangements
and involutions, respectively (in the case of involutions, we also discuss some enumerative
aspects). Section 4.4 concerns bimahonian and multivariate distributions involving Euler-
ian and Mahonian statistics on colored permutations. We recover, as special cases of our
results, various formulas of Biagioli–Zeng (Equation (4.2)), Assaf (Equations (4.1) and
(4.23)), Haglund–Loehr–Remmel (Equation (4.4)), Biagioli–Caselli, Chow–Mansour and
Biagioli–Zeng (Equation (4.5)), Bagno–Biagioli (Equation (4.7)) and Faliharimalala–Zeng
(Equation (4.19)). We refine and generalize formulas of Chow–Gessel (Equation (4.9)),
Adin–Roichman (Equation (4.8)), Wachs (Theorems 4.5, 4.6 and Equation (4.24)), Chow
(Equations (4.24) and (4.25)), Faliharimalala–Zeng (Theorem 4.6), De´sarme´nien–Foata
and Gessel–Reutenauer (Corollary 4.9), Athanasiadis (Corollary 4.11), Gessel, Gordon
and Roselle (Equations (4.49), (4.52) and (4.56)), Garsia–Gessel (Equations (4.50), (4.53),
(4.55) and (4.57)) and Foata–Han (Corollary 4.15).
2. Preliminaries
This section provides key definitions, discusses colored permutation statistics and sur-
veys several known Euler–Mahonian identities for the colored permutation groups. It also
recalls the definition and basic facts about Poirier’s quasisymmetric functions and reviews
some tools from the representation theory of colored permutation groups, which will be
used in the sequel.
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Throughout the paper we assume familiarity with basic concepts in the theory of sym-
metric functions as presented in [52, Section 7]. We denote by |S| the cardinality of a
finite set S, by Z (resp. N) the set of integers (resp. nonnegative integers). For integers
a ≤ b we set [a, b] := {a, a+1, . . . , b}. In particular, we set [n] := [1, n]. For a nonnegative
integer n, define
(x; q)n :=
{
1, if n = 0
(1− x)(1− xq) · · · (1− xqn−1), if n ≥ 1
and set (q)n := (q, q)n. Also, for a statement P , let χ(P ) = 1, if P is true and χ(P ) = 0,
otherwise. We shall use boldface to denote vectors and r-partite concepts.
2.1. Colored permutation statistics. Fix a positive integer r and let Zr be the cyclic
group of order r. The elements of Zr, will be represented by those of [0, r − 1] and will
be thought of as colors. Let
Ωn,r := {1
0, 20, . . . , n0, 11, 21, . . . , n1, . . . , 1r−1, 2r−1, . . . , nr−1}
be the set of r-colored integers. We will often identify colored integers i0 with i.
The r-colored permutation group, denoted by Sn,r, consists of all permutations w of
Ωn,r such that w(a
0) = bj ⇒ w(ai) = bi+j , where i + j is computed modulo r and
the product of Sn,r is composition of permutations. The r-colored permutation group
can be realized as the wreath product group Zr ≀ Sn (see, for example, [55, Section 2]).
The elements of Sn,r are represented in window notation as w = w(1)
c1w(2)c2 · · ·w(n)cn,
where w(1)w(2) · · ·w(n) ∈ Sn is the underlying permutation and (c1, c2, . . . , cn) is the
color vector of w. We will represent both the colored permutation and the underlying
permutation by the same letter.
The case r = 2 is of particular interest. Sn,2 is the hyperoctahedral group, written
Bn, the group of signed permutations of length n. Signed permutations, or 2-colored
permutations, are bijective maps w : Ωn,2 → Ωn,2 such that w(i) = w(i), for every
i ∈ Ωn,2, where in this case the set of 2-colored integers Ωn,2 is identified as the set
{1, 2, . . . , n}∪{1, 2, . . . , n} (see, for example, [1]). The hyperoctahedral group is a Coxeter
group of type Bn (see, for example, [44, Part III]). It is often required to treat this case
separately.
Steingr´ımsson [55] studied combinatorial aspects of r-colored permutations by introduc-
ing a notion of descent and excedance for r-colored permutations and Eulerian polynomials
for Sn,r. Let <St be the following total order on Ωn,r
10 <St · · · <St n
0 <St 1
1 <St · · · <St n
1 <St · · · <St 1
r−1 <St · · · <St n
r−1.
For w = w(1)c1w(2)c2 · · ·w(n)cn ∈ Sn,r, an index i ∈ [n] is called a descent of w, if
1 ≤ i ≤ n − 1 and w(i) >St w(i + 1) or if i = n and cn 6= 0. Let Des<St(w) be the set
of all descents of w and des<St(w) its cardinality. Steingr´ımsson proved [55, Theorem 17]
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the following formula for the generating polynomial of the des<St-distribution∑
m≥0
(rm+ 1)n xm =
∑
w∈Sn,r
xdes<St(w)
(1− x)n+1
, (2.1)
which reduces to Equation (1.2) for r = 1 and generalizes a formula of Brenti [18, Theo-
rem 3.4 (ii)] for = 2.
Biagioli and Caselli [14] studied a notion of descent set by considering the color order
on Ωn,r, defined as
1r−1 <c · · · <c n
r−1 <c · · · <c 1
1 <c · · · <c n
1 <c 1
0 <c · · · <c n
0.
For w ∈ Sn,r, we define Des<c(w) to be the set of all indices i ∈ [n − 1] such that
w(i) >c w(i+ 1) together with 0, whenever c1 6= 0 and write des<c(w) for its cardinality.
It follows from their work [14, Corollary 5.3 for p = s = q = 1] that Equation (2.1) holds
if we replace <St with <c.
Another notion of descent set was studied by Biagioli and Zeng [16]. In particular, let
<ℓ be the following total order on Ωn,r
nr−1 <ℓ · · · <ℓ n
1 <ℓ · · · <ℓ 1
r−1 <ℓ · · · <ℓ 1
1 <ℓ 1
0 <ℓ · · · <ℓ n
0,
called the length order. For w ∈ Sn,r, we define Des<ℓ(w) to be the set of all indices 1 ≤
i ≤ n− 1 such that w(i) >ℓ w(i+1) together with 0, whenever c1 6= 0 and write des<ℓ(w)
for its cardinality. They proved [16, Proposition 8.1 for q = 1] that Equation (2.1) still
holds if we replace <St with <ℓ. It also follows from [14, Proposition 7.1]. So, the above
three mentioned distributions are all equidistributed on Sn,r and hence can be called
Eulerian statistics on r-colored permutations. In the applications we will use the color
order.
As a group, Sn,r is generated by the set S := {s0, s1, . . . , sn−1}, where s0 := (1
0 11) and
si := (i
0 i+ 10), for all 1 ≤ i ≤ n−1 (see, for example, [4, Section 2] and [8, Section 2.2]).
The length function, written ℓS, with respect to S satisfies [8, Theorem 4.4]∑
w∈Sn,r
qℓS(w) = [n]q!
n∏
i=1
(1 + qi[r − 1]q). (2.2)
From this point of view, a Mahonian statistic on Sn,r, is expected to be equidistributed
with the length function. Bagno [8, Theorem 5.2] introduced such a statistic by using the
length order. It is defined as follows. For w = w(1)c1w(2)c2 · · ·w(n)cn ∈ Sn,r, let
lmaj(w) := maj<ℓ(w) +
∑
ci 6=0
(w(i)− 1) + csum(w),
where maj<ℓ(w) is the sum of all elements of Des<ℓ(w) and csum(w) =
∑n
i=1 ci is the
sum of the colors of all entries of w. It is worth noticing, as the authors in [14, Section 7]
point out, that the length order seems to be the suitable order for proving a combinatorial
interpretation of the length function of Sn,r, whereas the color order is often used in the
study of some algebraic aspects such as the invariant theory of Sn,r.
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Another Mahonian candidate, the flag major index, was introduced by Adin and Roich-
man [4]. We use the following combinatorial interpretation [4, Theorem 3.1] as our defi-
nition. For w ∈ Sn,r, the flag major index of w is defined by
fmaj<c(w) := rmaj<c(w) + csum(w),
where maj<c(w) is the sum of all elements of Des<c(w). The authors remark, after the
proof of [4, Theorem 2.2], that the flag major index is not equidistributed with the length
function on Sn,r for r ≥ 3. Haglund et. al were the first to explicitly compute [38,
Theorem 4.5] a formula for the fmaj-distribution∑
w∈Sn,r
qfmaj<c(w) =
n∏
i=1
[ri]q. (2.3)
Although the right-hand side does not coincide with that of Equation (2.2) for r ≥
3, Equation (2.3) reduces to Equation (1.8) for r = 1 and the flag major index is a
valid Mahonian statistic on Sn,r, in the following sense. It is known that r, 2r, . . . , nr
are the degrees of Sn,r, when viewed as a complex reflection group, so the right-hand
side of Equation (2.3) is the Hilbert series for the coinvariant algebra of Sn,r (see [10,
Equation (1.4)]).
Chow and Mansour [23, Theorem 5] prove a different interpretation of the flag major
index using Steingr´ımsson’s total order on Ωn,r, namely
fmaj<c(w) = rmaj<St(w)− csum(w)
for every w ∈ Sn,r. We denote by fmaj<St the right-hand side of the above equation. It is
also true that Equation (2.3) holds if we replace <c by <ℓ as the authors remark in [14,
Propostion 7.1] and [16, Remark 2.2]. Thus, fmaj< for all <∈ {<c, <St, <ℓ} on Ωn,r can
be called Mahonian statistics on r-colored permutations. In the applications we will use
the color order.
Now that we have explained what it means for a colored permutation statistic to be
Eulerian and Mahonian, we discuss Euler–Mahonian pairs of statistics. The problem of
extending the notion of Euler–Mahonian distribution to colored permutation groups was
first proposed by Foata [2, Problem 1.1] for the case r = 2, of the hyperoctahedral group
Bn. Biagioli and Caselli [14, Corollary 5.3 for s = p = 1] prove, in the more general
setting of projective reflection groups, the following Euler–Mahonian identity∑
m≥0
[rm+ 1]nq x
m =
∑
w∈Sn,r
xdes<c (w)qfmaj<c(w)
(x; qr)n+1
. (2.4)
Equation (2.4) reduces to Equations (1.1) and (2.1) for r = 1 and q = 1, respectively
and generalizes a formula of Chow and Gessel [21, Theorem 3.7] for r = 2. Chow and
Mansour [23, Theorem 9 (iv)] prove that the above identity holds if we replace <c with
<St. It is worth mentioning that, in the case r = 2, Chow–Mansour’s identity was first
noticed by Biagioli and Zeng [15, Section 3]. In a subsequent paper, the latter showed
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[16, Proposition 8.1] that it also holds if we replace <c by <ℓ. Furthermore, they prove
[16, Equation (8.1) for a = 1] the following identity∑
m≥0
([m+ 1]q + (r − 1)[m]q)
n xm =
∑
w∈Sn,r
xdes<ℓ(w)qmaj<ℓ(w)
(x; q)n+1
(2.5)
which reduces to Equations (1.1) and (2.1) for r = 1 and q = 1, respectively and general-
izes a formula of Chow and Gessel [21, Equation (26)] for r = 2.
For a colored permutation w and a total order on Ωn,r, let Des
∗
<(w) := {i ∈ [n − 1] :
w(i) > w(i+1)} and write des∗<(w) for its cardinality. The ∗-descent set is often called type
A descent set because it does not take into account the descents in positions 0 or n (see,
for example, [12, Definition 5.4]. Bagno and Biagioli [9] defined the flag descent number
fdes<c(w) := r des
∗
<c(w) + c1
of a colored permutation w = w(1)c1w(2)c2 · · ·w(n)cn ∈ Sn,r, generalizing a notion first
introduced by Adin, Brenti and Roichman [2, Section 4] for the hyperoctahedral group
Bn. They proved [9, Theorem A. 1] that∑
m≥0
[m+ 1]nq x
m =
∑
w∈Sn,r
xfdes<c(w)qfmaj<c (w)
(1− x)(1− xrqr)(1− xrq2r) · · · (1− xrqnr)
, (2.6)
which generalizes Adin, Brenti and Roichman’s formula [2, Theorem 4.2] for r = 2.
For the sake of completeness, we remark that Bagno [8] introduced an Eulerian partner
to his lmaj statistic, defined by
ldes(w) := des∗<ℓ(w) + csum(w),
for every w ∈ Sn,r and proved the following Euler–Mahonian identity∑
m≥0
[m+ 1]nq x
m =
∑
w∈Sn,r
xldes(w)qlmaj(w)
(x; q)n+1(−x[r − 1]qx; q)n+1
. (2.7)
Furthermore, Bagno introduced an Euler–Mahonian pair (ndes, nmaj) on colored permu-
tations, which satisfies Equation (2.6). This serves as a generalization of the “negative”
statistics first considered by Adin, Brenti and Roichman [2, Section 3] for the hyperocta-
hedral group Bn.
2.2. Colored quasisymmetric functions. The colored analogue of the fundamental
quasisymmetric functions that we are going to use was introduced by Poirier [46, Section 3]
and further studied in [11, 13, 39]. Different type B generalizations of quasisymmetric
functions have been suggested. See, for example, [43, Section 2] for a brief account of
Chow’s type B quasisymmetric functions. Poirier’s signed quasisymmetric functions were
recently employed by Adin et al. [1] in order to provide a signed analogue of the concept
of fine characters and fine sets of Adin and Roichman [5] to the hyperoctahedral group
Bn. This fact provided much of the motivation behind this paper in choosing Porier’s
fundamental colored quasisymmetric function to specialize.
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Let x(j) = (x
(j)
1 , x
(j)
2 , . . . ), for every 0 ≤ j ≤ r − 1, be sequences of commuting indeter-
minates. We consider formal power series in X(r) := (x
(0)
i , x
(1)
i , . . . , x
(r−1)
i )i≥1. The funda-
mental colored quasisymmetric function associated to w = w(1)c1w(2)c2 · · ·w(n)cn ∈ Sn,r,
written Fw,<(X
(r)), is defined as follows
Fw,<(X
(r)) :=
∑
i1≥i2≥···≥in≥1
j∈Des∗<(w) ⇒ ij>ij+1
x
(c1)
i1
x
(c2)
i2
· · ·x
(cn)
in
, (2.8)
for any total order < on Ωn,r. This definition is slightly different, but equivalent to, the
one given in [39, Section 3.2] with the inequalities being reversed for <=<c, the color
order (see also [1, Equation (2.9)] for the case r = 2).
We extend this definition to standard Young r-partite tableaux, for which we mostly
follow the exposition of [9]. An r-partite partition of a nonnegative integer n is any r-
tuple λ = (λ(0), . . . , λ(r−1)) of (possibly empty) integer partitions of total sum n. We
write λ ⊢ n for r-partite partitions. A standard Young r-partite tableau of shape λ =
(λ(0), . . . , λ(r−1)) ⊢ n is an r-tuple Q = (Q(0), . . . , Q(r−1)) of tableaux which are strictly
increasing along rows and columns such that Q(i) has shape λ(i), for all 0 ≤ i ≤ r − 1
and every element of [n] appears exactly once as an entry of Q(i) for some 0 ≤ i ≤ r − 1.
These tableaux are called parts ofQ. Let SYT(λ) (resp. SYTn,r) be the set of all standard
Young r-partite tableaux of shape λ ⊢ n (resp. of any shape and size n).
For Q = (Q(0), . . . , Q(r−1)) ∈ SYTn,r, an integer i ∈ [0, n− 1] is called a descent of Q, if
• i and i+ 1 belong in the same part of Q and i + 1 appears in a lower row than i
does, or
• i ∈ Q(j) and i+ 1 ∈ Q(k), for some 0 ≤ j < k ≤ r − 1, or
• i = 0 and 1 appears in Q(j) for some j 6= 0.
The set of all descents ofQ, written Des(Q), is called the descent set ofQ. The cardinality
and the sum of all elements of Des(Q) are written des(Q) and maj(Q), respectively and
called the descent number and major index of Q. Also, let Des∗(Q) be the set obtained
from Des(Q) by removing the zero, if present.
We recall that the Robinson–Schensted correspndence is a bijection from the symmetric
group Sn to the set of pairs (P,Q) of standard Young tableaux of the same shape and
size n. It has the property [52, Lemma 7.23.1] that Des(w) = Des(Q) and Des(w−1) =
Des(P ), where (P,Q) is the pair of tableaux associated to w ∈ Sn. The Robinson–
Schensted correspondence has a natural colored analogue, first considered by White [57,
Corollary 9 and Remark 11] and further studied by Stanton andWhite [54]. It is a bijection
from the r-colored permutation group Sn,r to the set of pairs (P ,Q) of standard Young
r-partite tableaux of the same shape and size n. It has the property [10, Proposition 6.2],
[3, Lemma 5.2] that Des<c(w) = Des(Q) and Des<c(w
−1) = Des(P ), where (P ,Q) is
the pair of r-partite tableaux associated to w ∈ Sn,r and w is the colored permutation
with underlying permutation w and color vector (−c1,−c2, . . . ,−cn), where the entries
are computed modulo r. For the case r = 2, we refer the reader to [1, Section 5] and
references therein.
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The fundamental colored quasisymmetric function associated to a tableau Q is then
defined by the right-hand side of Equation (2.8), with w replaced by Q and Des∗<(w)
replaced by Des∗(Q). A signed analogue of the following well known expansion [52,
Theorem 7.19.7]
sλ(x) =
∑
Q∈SYT(λ)
Fn,Des(Q)(x) (2.9)
was recently proved by Adin et al. [1, Proposition 4.2]. The following colored analogue
sλ(X
(r)) =
∑
Q∈SYT(λ)
FQ(X
(r)) (2.10)
of Equation (2.9), where
sλ(X
(r)) := sλ(0)(x
(0))sλ(1)(x
(1)) · · · sλ(r−1)(x
(r−1)),
for every r-partite partition λ = (λ(0), λ(1), . . . , λ(r−1)) follows from a trivial generalization
of the proof of [1, Proposition 4.2] and will be used in the sequel.
2.3. Representation theory; the characteristic map. We denote by Λ(x) the C-
algebra of symmetric functions in x. For the representation theory of the symmetric
group and its connection to symmetric functions, we refer to [52, Section 7.18] and only
recall that the Frobenius characteristic map, written ch, is a C-linear isomorphism from the
space of virtual Sn-representations to that of homogeneous symmetric functions of degree
n, with the property that ch(χλ)(x) = sλ(x), where χ
λ is the irreducible Sn-character
corresponding to λ ⊢ n. The map ch has a natural colored analogue [40, Appendix B],
which we now describe. We mostly follow the exposition of [9, Sections 5 and 6] and [46,
Section 2].
Conjugacy class in Sn,r, and therefore irreducible Sn,r-characters, are in one-to-one
correspondence with r-partite partitions of n. We describe the cycle type of a colored
permutation. Starting with a colored permutation, we first form the cycle decomposition
of the underlying permutation and then provide the entries with their original color,
forming colored cycles. Then, define the color of a colored cycle to be the sum of colors of
all its entries computed modulo r. Now, the cycle type of w ∈ Sn,r, written ct(w), is the
r-partite partition of n, whose j-th part is the integer partition formed by the lengths of
the colored cycles of w having color j, for every 0 ≤ j ≤ r− 1. Two colored permutations
are conjugate [46, Proposition 1] if and only if they have the same cycle type.
Fix ζ a primitive r-th root of unity. For a nonnegative integer k and any 0 ≤ j ≤ r−1,
let
p
(j)
k (X
(r)) := pk(x
(0)) + ζjpk(x
(1)) + · · ·+ ζj(r−1)pk(x
(r−1)).
Also, for an integer partition λ = (λ1, λ2, . . . ) ⊢ n and any 0 ≤ j ≤ r − 1, define the
homogeneous element
p
(j)
λ (X
(r)) := p
(j)
λ1
(X(r))p
(j)
λ2
(X(r)) · · ·
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of degree n of Λ(x(0))⊗Λ(x(1))⊗· · ·⊗Λ(x(r−1)). The colored power sum symmetric function
associated to a r-partite partition λ = (λ(0), . . . , λ(r−1)) ⊢ n, is defined by
pλ(X
(r)) := p
(0)
λ(0)
(X(r))p
(1)
λ(1)
(X(r)) · · ·p
(r−1)
λ(r−1)
(X(r)).
The Frobenius characteristic map of a complex, finite-dimensional Sn,r-character χ is
defined by
chr(χ)(X
(r)) :=
1
rnn!
∑
w∈Sn,r
χ(w)pct(w)(X
(r)). (2.11)
The map chr is a C-linear isomorphism from the space of virtual Sn,r-characters to the
degree n homogeneous part of Λ(x(0))⊗Λ(x(1))⊗· · ·⊗Λ(x(r−1)). It has the property that
chr(χ
λ)(X(r)) = sλ(X
(r)), where χλ is the irreducible Sn,r-character associated to λ ⊢ n.
For a subset C ⊆ Sn,r and a total order < on Ωn,r, let
F<(C;X
(r)) :=
∑
w∈C
Fw,<(X
(r))
be the colored quasisymmetric generating function associated to C. The following observa-
tion, which appears in [45, Proposition 1.13] in a more general setting, is a generalization
of Equation (1.9) and will be used in Section 4. It is the key that allows us to pass from
general formulas to Euler–Mahonian identities by appropriately specializing it. We record
it here with a proof.
Lemma 2.1. For a nonnegative integer n, we have
F<c(Sn,r;X
(r)) = (x
(0)
1 + x
(0)
2 + · · ·+ x
(r−1)
1 + x
(r−1)
2 + · · · )
n. (2.12)
Proof. Recall from [9, Theorem 6.1], the Frobenius formula
pµ(X
(r)) =
∑
λ⊢n
χλ(µ)sλ(X
(r)), (2.13)
for Sn,r, where χ
λ(µ) is the irreducible Sn,r-character associated to λ computed in the
conjugacy class which corresponds to µ ⊢ n. Notice that the conjugacy class of the
identity element in Sn,r corresponds to the r-partite partition of n, whose part of color
0 is (1n) and all the other parts are the empty partitions, written (1n,∅r−1), and so the
left-hand side of Equation (2.13) is equal to
p(1n,∅r−1)(X
(r)) = p
(0)
(1n)(X
(r)) = (p
(0)
1 (X
(r)))n = (p1(x
(0)) + · · ·+ p1(x
(r−1)))n,
which is exactly the right-hand side of Equation (2.12). Furthermore, χλ(1n,∅r−1) =
dimC(χ
λ), which is known to equal the number of r-partite standard Young tableaux of
shape λ. Therefore, Equation (2.13) for µ = (1n,∅r−1) becomes
p(1n,∅r−1)(X
(r)) =
∑
λ⊢n
∑
P ,Q∈SYT(λ)
FQ(X
(r)),
using the expansion (2.10). This in turn is exactly the left-hand side of Equation (2.12)
by the colored Robinson–Schensted correspondence and its properties. The proof follows
by combining the two calculations. 
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3. Specializations of colored quasisymmetric functions
This section derives general formulas for Mahonian and Euler-Mahonian distributions
on colored permutation groups by specializing colored quasisymmetric functions. Let
C[[X(r)]] be the ring of formal power series in X(r). Formally, a specialization is a ring
homomorphism C[[X(r)]]→ C[[q]] or C[[X(r)]]→ C[q]. In this paper, we consider special-
izations that arise from substituting powers of q for the variables x
(j)
i , for 0 ≤ j ≤ r − 1.
Fix a total order < on Ωn,r and define the descent set of a colored permutation w =
w(1)c1w(2)c2 · · ·w(n)cn ∈ Sn,r, written Des<(w), to be the set of all indices i ∈ [n−1], such
that w(i) > w(i+ 1), together with 0, whenever c1 6= 0, and des<(w) its cardinality. Let
Des∗<(w) be the set obtained from Des<(w) by removing zero, if present, and let des
∗
<(w)
be its cardinality. Also, define the major index of w, written maj<(w), to be the sum of all
elements of Des<(w) and the flag major index of w as fmaj<(w) := rmaj<(w)+csum(w).
The results of this section are valid for every total order on Ωn,r and therefore we omit
the total order subscript in colored statistics and colored quasisymmetric functions.
We begin with two specializations and a variation which reduce to the stable specializa-
tion and the principal specialization of order m for r = 1. Let ps(r) be the specialization
defined by the substitutions x
(j)
i = q
i−1, for every 0 ≤ j ≤ r−1 and i ≥ 1. Also, define the
specialization ps
(r)
m by the substitutions x
(0)
i = q
i−1, for every 1 ≤ i ≤ m and x
(j)
i = q
i−1,
for every 1 ≤ i ≤ m− 1 and 1 ≤ j ≤ r − 1 and zero elsewhere. In fact, ps(r) is the stable
principal specialization on all x(0),x(1), . . . ,x(r−1) and psm is the principal specialization
of order m on x(0) and of order m − 1 on x(1),x(2), . . . ,x(r−1). Furthermore, let p˜s(r)m be
the principal specialization of order m on all x(0),x(1), . . . ,x(r−1).
Theorem 3.1. For a positive integer n and every w ∈ Sn,r, we have
ps(r)(Fw) =
qmaj(w)
(q)n
(3.1)
∑
m≥1
ps(r)m (Fw) x
m−1 =
xdes(w)qmaj(w)
(x; q)n+1
(3.2)
∑
m≥1
p˜s(r)m (Fw) x
m−1 =
xdes
∗(w)qmaj(w)
(x; q)n+1
. (3.3)
Proof. We prove Equations (3.1) and (3.2) in parallel. Equation (3.3) follows in a similar
way. For a colored permutation w with color vector (c1, c2, . . . , cn), we have
ps(r)(Fw) =
∑
i1≥i2≥···≥in≥1
j∈Des∗(w) ⇒ ij>ij+1
qi1+i2+···+in−n (3.4)
ps(r)m (Fw) =
∑
m:=i0≥i1≥i2≥···≥in≥1
j∈Des(w) ⇒ ij>ij+1
qi1+i2+···+in−n. (3.5)
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Under the specialization ps
(r)
m , substitutions x
(1)
m , x
(2)
m , . . . , x
(r−1)
m occur only if c1 6= 0, which
in turn is exactly when 0 is considered a descent of w, explaining the first inequality under
the sum on the right-hand side of Equation (3.5). Define
i′j = ij − χj − · · · − χn−1
i′n = in,
where χj := χ(j ∈ Des(w)), for every 0 ≤ j ≤ n − 1. Then, Equations (3.4) and (3.5)
become
ps(r)(Fw) =
∑
i′1≥i
′
2≥···≥i
′
n≥1
qi
′
1+i
′
2+···+i
′
n−n+maj(w) (3.6)
ps(r)m (Fw) =
∑
m−des(w)≥i′1≥i
′
2≥···≥i
′
n≥1
qi
′
1+i
′
2+···+i
′
n−n+maj(w), (3.7)
because
des(w) =
n−1∑
j=0
χj
maj(w) =
n−1∑
j=1
jχj.
Now, let
a0 = m− des(w)− i
′
1
aj = i
′
j − i
′
j+1
an = i
′
n − 1,
for every 1 ≤ j ≤ n− 1. On the one hand, Equation (3.6) becomes
ps(r) =
∑
a1,a2,...,an∈N
qa1+2a2+···+nan+maj(w) =
qmaj(w)
(q)n
.
On the other hand, Equation (3.7) becomes
ps(r)m (Fw) =
∑
qa1+2a2+···+nan+maj(w)
where the sum runs through all N-solutions of a0 + a1 + · · ·+ an = m− des(w)− 1. This
is exactly the coefficient of xm−1 in the expansion of the right-hand side of Equation (3.2)
and the proof follows. 
Notice that in the proof of [35, Lemma 5.2] (see also [52, Lemma 7.19.10]) the authors
deal with the comajor index instead of the major index. Our choice of the direction
of inequalities in the definition of fundamental colored quasisymmetric functions (see
Equation (2.8)) allows us to deal with the major index directly. This observation explains
the motivation behind our choice. The following formulas are immediate consequences of
Theorem 3.1.
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Corollary 3.2. For a positive integer n and every C ⊆ Sn,r, we have
ps(r)(F (C)) =
∑
w∈C q
maj(w)
(q)n
(3.8)
∑
m≥1
ps(r)m (F (C)) x
m−1 =
∑
w∈C x
des(w)qmaj(w)
(x; q)n+1
(3.9)
∑
m≥1
p˜s(r)m (F (C)) x
m−1 =
∑
w∈C x
des∗(w)qmaj(w)
(x; q)n+1
. (3.10)
Although these formulas do not provide much useful information by themselves, in
Section 4 we apply Corollary 3.2 (and corollaries that follow) for various C, whose qua-
sisymmetric generating function F (C;X(r)) has a nice form to prove Euler–Mahonian
identities on C. Thus, whenever one proves a formula for the quasisymmetric generat-
ing function of a collection C of colored permutations (for example, in the case where
F (C;X(r)) is symmetric and Schur-positive in Λ(x(0))⊗ Λ(x(1))⊗ · · · ⊗ Λ(x(r−1))), which
can be specialized in a nice way, then an Euler–Mahonian (resp. Mahonian) identity is
automatically obtained from Equation (3.9) (resp. Equation (3.8)).
Next, we consider another two specializations and a variation which can be viewed as
colored-shifted versions of the stable principal specialization and the principal specializa-
tion of order m for r = 1. Let ψ(r) be the specialization defined by the substitutions
x
(j)
i = q
r(i−1)+j , for every 0 ≤ j ≤ r − 1 and i ≥ 1. Also, define the specialization ψ
(r)
m by
the substitutions
x
(0)
i = q
r(i−1),
for every 1 ≤ i ≤ m and
x
(j)
i = q
r(i−1)+j ,
for every 1 ≤ i ≤ m − 1 and 1 ≤ j ≤ r − 1 and zero elsewhere. Furthermore, let ψ˜
(r)
m
be the specialization defined as ψ
(r)
m , but including the substitution x
(j)
m = qr(m−1)+j , for
every 1 ≤ j ≤ r − 1.
Theorem 3.3. For a positive integer n and every w ∈ Sn,r, we have
ψ(r)(Fw) =
qfmaj(w)
(qr)n
(3.11)
∑
m≥1
ψ(r)m (Fw) x
m−1 =
xdes(w)qfmaj(w)
(x; qr)n+1
(3.12)
∑
m≥0
ψ˜(r)m (Fw) x
m−1 =
xdes
∗(w)qfmaj(w)
(x; qr)n+1
. (3.13)
The proof of Theorem 3.3 is a slight variation of the proof of Theorem 3.1 and is
therefore omitted. The following formulas are immediate consequences of Theorem 3.3.
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Corollary 3.4. For a positive integer n and every C ⊆ Sn,r, we have
ψ(r)(F (C)) =
∑
w∈C q
fmaj(w)
(qr)n
(3.14)
∑
m≥1
ψ(r)m (F (C)) x
m−1 =
∑
w∈C x
des(w)qfmaj(w)
(x; qr)n+1
(3.15)
∑
m≥1
ψ˜(r)m (F (C)) x
m−1 =
∑
w∈C x
des∗(w)qfmaj(w)
(x; qr)n+1
. (3.16)
The description of the next specialization is slightly more complicated than the previous
ones and for this reason we consider the case r = 2 first. In this case, we write x and y
instead of x(0) and x(1). Let φm be the specialization defined by the substitutions xi = q
i−1,
for every odd integer 1 ≤ i ≤ m and yi = q
i, for every odd integer 1 ≤ i ≤ m − 1 and
xi = yi = 0, elsewhere. In particular,
xm =
{
qm−1, if m ≡ 1 (mod 2)
0, if m ≡ 0 (mod 2)
and
ym−1 =
{
0, if m ≡ 1 (mod 2)
qm−1, if m ≡ 0 (mod 2).
Now, in the general case define the specialization φ
(r)
m by the substitutions
x
(j)
i =
{
qi−1+j, for every 1 ≤ i ≤ m with i ≡ 1 (mod r)
0, otherwise
for every 0 ≤ j ≤ r − 1, such that
• x
(1)
m = x
(2)
m = · · · = x
(r−1)
m = 0, and
• if m ≡ c (mod r), then the last non zero substitution is
x
(c−1)
m−c+1 = q
m−1,
where 1 ≤ c ≤ r.
In particular, we see that if m ≡ 1 (mod r), then the last nonzero term is x
(0)
m , if m ≡ 2
(mod r), then the last non zero term is x
(1)
m−1, and so on. Thus, φ
(r)
m coincides with φm for
r = 2.
Theorem 3.5. For a positive integer n and every w ∈ Sn,r, we have∑
m≥1
φ(r)m (Fw) x
m−1 =
xfdes(w)qfmaj(w)
(1− x)(1− xrqr)(1− xrq2r) · · · (1− xrqnr)
. (3.17)
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Furthermore, for every C ⊆ Sn,r we have∑
m≥1
φ(r)m (F (C)) x
m−1 =
∑
w∈C x
fdes(w)qfmaj(w)
(1− x)(1− xrqr)(1− xrq2r) · · · (1− xrqnr)
. (3.18)
Proof. For w ∈ Sn,r with color vector (c1, c2, . . . , cn), specialization φ
(r)
m , when applied to
the fundamental colored quasisymmetric function, becomes
φ(r)m (x
(cj)
ij
) = qij−1+cj ,
subject to some restrictions. Thus, we have
φ(r)m (Fw) =
∑
m:=i0≥i1≥i2≥···≥in≥1
j∈Des(w)⇒ ij>ij+1
i1,...,in≡1 (mod r)
qi1+i2+···+in−n+csum(w), (3.19)
because as in Equation (3.5), x
(1)
m , x
(2)
m , . . . , x
(r−1)
m occur only if c1 6= 0, which means that
0 is a descent of w. Define
i′0 = i0 − c1 − rχ1 − · · · − rχn−1
i′j = ij − rχj − · · · − rχn−1
i′n = in,
where χj := χ(j ∈ Des(w)), for every 1 ≤ j ≤ n− 1. Then, Equation (3.19) becomes
φ(r)m (Fw) =
∑
m−fdes(w)≥i′1≥i
′
2≥···≥i
′
n≥1
i′1,...i
′
n ≡ 1 (mod r)
qi
′
1+i
′
2+···+i
′
n−n+fmaj(w), (3.20)
because
fdes(w) = c1 + r
n−1∑
j=1
χj
fmaj(w) = r
n−1∑
j=1
jχj + csum(w).
The first inequality in Equation (3.20) is justified by the fact that the last non zero
substitution is x
(c−1)
m−c+1 = q
m−1, where m ≡ c (mod r), for every 1 ≤ c ≤ r. Now, making
the substitution
a0 = m− fdes(w)− i
′
1
aj = i
′
j − i
′
j+1
an = i
′
n − 1,
for every 1 ≤ j ≤ n− 1, Equation (3.20) becomes
φ(r)m (Fw) =
∑
qa1+2a2+···+nan+fmaj(w), (3.21)
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where the sum runs through all N-solutions of a0 + a1 + a2 + · · ·+ an = m− fdes(w)− 1
with the requirement that a1, a2, . . . , an ≡ 0 (mod r) , as the difference of two positive
integers congruent to 1 (mod r). The right-hand side of Equation (3.21) is precisely the
coefficient of xm−1 in the expansion of Equation (3.17) and the proof follows. 
Lastly, we introduce a two parameter flag major index for signed permutations. Recall
from Section 2.1 that in the case r = 2, we identify 1(0), 2(0), . . . , n(0) and 1(1), 2(1), . . . , n(1),
with 1, 2, . . . , n and 1, 2, . . . , n, respectively. For w ∈ Bn, we write neg(w) instead of
csum(w) to denote the number of indices i ∈ [n] such that w(i) is barred. As in the
case of general r, we fix a total order < on Ωn,2 and define Des<(w) to be the set of
all indices i ∈ [n − 1], such that w(i) > w(i + 1), together with 0 whenever w(1) is
barred. The cardinality and the sum of all elements of Des<(w) are written as des<(w)
and maj<(w), respectively. Let Des
∗
<(w) be the set obtained from Des<(w) by removing
zero, if present, and let des∗<(w) be its cardinality. Also, define the flag major index of w
to be fmaj<(w) := 2maj<(w) + neg(w). Again, the results that follow are valid for every
total order on Ωn,2 and therefore we omit the total order subscript.
Let k and ℓ be a positive, and nonnegative respectively, integer. For w ∈ Bn, define
fmajk,ℓ(w) := kmaj(w) + ℓ neg(w)
the (k, ℓ)-flag-major index of w. The (1, 0)-flag-major index coincides with the major
index and the (2, 1)-flag-major index is just the flag major index on signed permutations.
We are going to derive general formulas for the pair (des, fmajk,ℓ), by considering a (k, ℓ)-
variation of the specializations of Theorem 3.3 for r = 2.
Let θ be the specialization defined by substitutions xi = q
k(i−1) and yi = q
k(i−1)+ℓ,
for every i ≥ 1. Also, define the specialization θm by the substitutions xi = q
k(i−1), for
every 1 ≤ i ≤ m and yi = q
k(i−1)+ℓ, for every 1 ≤ i ≤ m − 1. For (k, ℓ) = (1, 0) and
(k, ℓ) = (2, 1), these specializations coincide with ps(2), ps
(2)
m and ψ(2), ψ
(2)
m , respectively.
Furthermore, let θ˜m be the specialization defined as θm, but including the substitution
ym = q
k(m−1)+ℓ.
Theorem 3.6. For a positive integer n and every w ∈ Bn, we have
θ(Fw) =
qfmajk,ℓ(w)
(qk)n
(3.22)
∑
m≥1
θm(Fw) x
m−1 =
xdes(w)qfmajk,ℓ(w)
(x; qk)n+1
(3.23)
∑
m≥1
θ˜m(Fw) x
m−1 =
xdes
∗(w)qfmajk,ℓ(w)
(x; qk)n+1
. (3.24)
The proof of Theorem 3.6 is a (k, ℓ)-variation of the proof of Theorem 3.1 and is therefore
omitted. The following formulas are immediate consequences of Theorem 3.6.
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Corollary 3.7. For a positive integer n and every B ⊆ Bn, we have
θ(F (B)) =
∑
w∈B q
fmajk,ℓ(w)
(qk)n
(3.25)
∑
m≥1
θm(F (B)) x
m−1 =
∑
w∈B x
des(w)qfmajk,ℓ(w)
(x; qk)n+1
(3.26)
∑
m≥1
θ˜m(F (B)) x
m−1 =
∑
w∈B x
des∗(w)qfmajk,ℓ(w)
(x; qk)n+1
. (3.27)
4. Applications
This section applies the corollaries of Section 3 to prove Euler–Mahonian identities on
colored permutation groups. In particular, Section 4.1 proves most of the Euler–Mahonian
identities mentioned in Section 2.1 and introduces several new examples. Section 4.2
studies Mahonian and Euler–Mahonian distributions on derangements and their colored
analogues and proves an Euler–Mahonian identity on derangements, refining a well known
result of Wachs [56, Theorem 4] (see also [35, page 209]). Section 4.3 studies Eulerian
and fix–Euler–Mahonian distributions on involutions and their colored analogues and
generalizes a formula of De´sarme´nien and Foata [24, Equation (1.8)] and Gessel and
Reutenauer [35, Equation (7.3)] (see also [36, Section 5]) and a formula of Athanasiadis
[7, Equation (40)]. Lastly, Section 4.4 studies bimahonian and multivariate distributions,
involving Eulerian and Mahonian statistics, on colored permutations. In what follows, we
use the color order for colored permutation statistics and therefore omit the total order
subscript in statistics and quasisymmetric functions.
4.1. Euler–Mahonian identities. Equation (4.2) is Biagioli–Zeng’s identity (2.5) and
Equation (4.1) appears in Assaf’s work [6, Equation (13) for t = 1], where the author
uses the length order.
Corollary 4.1. We have ∑
w∈Sn,r
qmaj(w) = rn[n]q! (4.1)
and ∑
m≥0
([m+ 1]q + (r − 1)[m]q)
n xm =
∑
w∈Sn,r
xdes(w)qmaj(w)
(x; q)n+1
(4.2)
∑
m≥0
rn[m+ 1]nq x
m =
∑
w∈Sn,r
xdes
∗(w)qmaj(w)
(x; q)n+1
. (4.3)
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Proof. Specializing Equation (2.12) as in Theorem 3.1 yields
ps(r)(F (Sn,r)) =
(
r
(q)1
)n
ps(r)m (F (Sn,r)) = ([m]q + (r − 1)[m− 1]q)
n
p˜s(r)m (F (Sn,r)) = r
n[m]nq .
The proof follows by substituting in Corollary 3.2 for C = Sn,r. 
Equation (4.4) computes the distribution of the flag major index (see Equation (2.2))
and Equation (4.5) is Biagioli–Caselli, Chow–Mansour and Biagioli–Zeng’s identity (2.4).
Corollary 4.2. We have ∑
w∈Sn,r
qfmaj(w) = [r]q[2r]q · · · [nr]q (4.4)
and ∑
m≥0
[rm+ 1]nq x
m =
∑
w∈Sn,r
xdes(w)qfmaj(w)
(x; qr)n+1
(4.5)
∑
m≥0
[r(m+ 1)]nq x
m =
∑
w∈Sn,r
xdes
∗(w)qfmaj(w)
(x; qr)n+1
. (4.6)
Proof. Specializing Equation (2.12) as in Theorem 3.3 yields
ψ(r)(F (Sn,r)) =
1
(q)n1
and
ψ(r)m (F (Sn,r)) = (1 + q + · · ·+ q
r−1 + qr + qr+1 + · · ·
+ q2r−1 + q2r + · · ·+ q(m−1)r−1 + q(m−1)r)n
= [r(m− 1) + 1]nq
and
ψ˜(r)m (F (Sn,r)) = [rm]
n
q .
The proof follows by substituting in Corollary 3.4 for C = Sn,r. 
Equation (4.7) is Bagno and Biagioli’s identity (2.6).
Corollary 4.3. We have∑
m≥0
[m+ 1]nq x
m =
∑
w∈Sn,r
xfdes(w)qfmaj(w)
(1− x)(1 − xrqr)(1− xrq2r) · · · (1− xrqnr)
. (4.7)
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Proof. Specializing Equation (2.12) as in Theorem 3.5 yields
φ(r)m (F (Sn,r)) = (1 + q + · · ·+ q
m−1)n = [m]nq .
Notice that, from the definition of φ
(r)
m , the summand qm−1 in the expression above comes
from the substitution x
(c−1)
m−c+1, according to whether m ≡ c (mod r), for c = 1, 2, . . . , r,
respectively. The proof follows by substituting in Equation (3.18) for C = Sn,r. 
The following theorem computes a formula for the fmajk,ℓ-distribution on Bn, which
refines the fmaj-distribution of Adin and Roichman [4, Theorem 2]. The right-hand side
of Equation (4.8) for (k, ℓ) = (2, 1), appears in this form in [27, Theorem 3.5 for t = 1].
Furthermore, it computes Euler–Mahonian identities onBn for the pairs (des, fmajk,ℓ) and
(des∗, fmajk,ℓ). Equation (4.9) reduces to Chow and Gessel’s formulas [21, Equation (26)]
and [21, Theorem 3.7] for (k, ℓ) = (1, 0) and (k, ℓ) = (2, 1), respectively.
Corollary 4.4. We have ∑
w∈Bn
qfmajk,ℓ(w) = (1 + qℓ)n[n]qk !, (4.8)
and ∑
m≥0
([m+ 1]qk + q
ℓ[m]qk)
n xm =
∑
w∈Bn
xdes(w)qfmajk,ℓ(w)
(x; qk)n+1
(4.9)
∑
m≥0
(1 + qℓ)n[m+ 1]nqk x
m =
∑
w∈Bn
xdes
∗(w)qfmajk,ℓ(w)
(x; qk)n+1
. (4.10)
Proof. The proof follows by specializing Equation (2.12) for r = 2 as in Theorem 3.6 and
substituting in Corollary 3.7 for B = Bn. 
4.2. Derangements. Permutations in Sn without fixed points are called derangements.
Let Dn be the set of all derangements in Sn. For a positive integer n, let
Dn(x, q) :=
∑
w∈Dn
xdes(w)qmaj(w)
be the n-th (x, q)-derangement polynomial and dn(q) := Dn(1, q) the q-derangement num-
bers. The q-derangement numbers satisfy (recall Formula (1.10) from Section 1).
dn(q) = [n]q!
n∑
k=0
(−1)k
q(
k
2)
[k]q!
. (4.11)
as proved bijectively by Wachs [56, Theorem 4] and later by Gessel and Reutenauer [35,
page 209]. Eulerian and Mahonian distributions on derangements have been studied by
many authors (see, for example, [7, Section 2.1.4] and references therein). For nonnegative
integers 0 ≤ k ≤ n, let (
n
k
)
q
:=
[n]q!
[k]q![n− k]q!
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be a q-binomial coefficient. The following theorem provides an Euler–Mahonian identity
on derangements in Sn, which refines Wachs’ formula (4.11).
Theorem 4.5. For a positive integer n, we have∑
m≥0
n∑
k=0
(−1)kq(
k
2)
(
m+ 1
k
)
q
[m+ 1]n−kq x
m =
Dn(x, q)
(x; q)n+1
. (4.12)
The idea of the proof is to take the principal specialization of order m of F (Dn;x) and
apply Formula (1.6) for A = Dn. Before the proof of Theorem 4.5, we need to recall a
few facts. Gessel and Reutenauer [35, Theorem 8.1] computed F (Dn;x), as follows
F (Dn;x) =
n∑
k=0
(−1)kek(x)h1(x)
n−k, (4.13)
where ek (resp. hk) is the k-th elementary (resp. complete homogeneous) symmetric
function on x. The principal specializations of order m of these symmetric functions are
given by [52, Proposition 7.8.3]
psm(ek(x)) = q
(k2)
(
m
k
)
q
(4.14)
psm(hk(x)) =
(
m+ k − 1
k
)
q
. (4.15)
We are now ready to give the proof of Theorem 4.5.
Proof of Theorem 4.5. Setting A = Dn, Formula (1.6) becomes∑
m≥1
psm(F (Dn;x)) x
m−1 =
Dn(x, q)
(x; q)n+1
. (4.16)
Taking the principal specialization of order m of Formula (4.13) and compute, using
Equations (4.14) and (4.15), yields
psm(F (Dn;x)) =
n∑
k=0
(−1)kq(
k
2)
(
m
k
)
q
[m]n−kq . (4.17)
The proof follows by substituting Equation (4.17) in (4.16). 
Another proof of Equation (4.11) can be obtained by considering the stable principal
specialization of Formula (4.13) instead and following the steps of the previous proof, as
done by Gessel and Reutenauer [35, Theorem 8.4]. Next we consider a colored analogue
of Theorem 4.5 on colored permutation groups, which appears to be new even in the case
r = 2, of the hyperoctahedral group Bn.
An element of Sn,r without fixed points of zero color is called a colored derangement.
Let Drn be the set of all colored derangements in Sn,r. Faliharimalala and Zeng [25,
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Equation (2.7)] (see also [6, Theorem 2.1], where colored derangements are called cyclic
derangements) proved the following formula
|Drn| = r
nn!
n∑
k=0
(−1)k
rkk!
, (4.18)
which generalizes the well known formula [53, Equation (2.11)] for the number of derange-
ments in the symmetric group Sn. In a subsequent paper [26, Equation (2.5)], where the
authors use the color order, they provide a formula for the colored q-derangement numbers∑
w∈Drn
qfmaj(w) = [r]q[2r]q · · · [nr]q
n∑
k=0
(−1)k
qr(
k
2)
[r]q[2r]q · · · [kr]q
, (4.19)
which reduces to Wachs’ formula (4.11) for r = 1 and generalizes a formula of Chow
[20, Theorem 5] (see also [29, Equation (6.8) for Z = 1]) for r = 2. The following
theorem refines Equation (4.19), by providing an Euler–Mahonian identity on colored
derangements and reduces to Theorem 4.5 for r = 1.
Theorem 4.6. For a positive integer n, we have∑
m≥0
n∑
k=0
(−1)kqr(
k
2)
(
m+ 1
k
)
qr
[rm+ 1]n−kq x
m =
∑
w∈Drn
xdes(w)qfmaj(w)
(x; qr)n+1
. (4.20)
Proof. Adin et al. [1, Theorem 7.3] recently proved a signed analogue of Equation (4.13).
The following colored analogue
F (Drn;X
(r)) =
n∑
k=0
(−1)kek(x
(0))h1(X
(r))n−k, (4.21)
where
h1(X
(r)) := x
(0)
1 + x
(0)
2 + · · ·+ x
(r−1)
1 + x
(r−1)
2 + · · ·
of Equation (4.13), holds by trivially generalizing Adin et al.’s argument in the proof of
[1, Theorem 7.3] for general r and using [46, Theorem 16]. Specializing Equation (4.21)
as in Theorem 3.3 and compute, using Equation (4.14) and the calculation in the proof
of Corollary 4.2, yields
ψ(r)m (F (D
r
n)) =
n∑
k=0
(−1)kqr(
k
2)
(
m
k
)
qr
[r(m− 1) + 1]n−kq . (4.22)
The proof follows by substituting Equation (4.22) in Equation (3.15) for C = Drn. 
Another proof of Equation (4.19) can be obtained by considering the ψ(r) specialization
of Equation (4.21) and substituting in Corollary 3.4 for C = Drn. Furthermore, taking the
ps(r) specialization instead, yields the following maj-distribution on colored derangements,
as computed by Assaf in [6, Theorem 3.2 for t = 1].
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Corollary 4.7. For a positive integer n, we have∑
w∈Drn
qmaj(w) = rn[n]q!
n∑
k=0
(−1)k
q(
k
2)
rk[k]q!
. (4.23)
Proof. Specializing Equation (4.21) as in Theorem 3.1 yields
ps(r)(F (Drn)) =
n∑
k=0
(−1)k
q(
k
2)
(q)k
(
r
(q)1
)n−k
.
The proof follows by substituting in Equation (3.8) for C = Drn. 
The following Euler–Mahonian identity on signed derangements for the pair (des, fmajk,ℓ)
can be obtained by taking the θ specialization on Equation (4.21) for r = 2 and substi-
tuting in Corollary 4.4 for B = D2n∑
m≥0
n∑
i=0
(−1)iqk(
i
2)
(
m+ 1
i
)
qk
([m+ 1]qk + q
ℓ[m]qk)
n−i xm =
∑
w∈DBn
xdes(w)qfmajk,ℓ(w)
(x; qk)n+1
.
(4.24)
Equation (4.24) coincides with Equation (4.20) for r = 2 and (k, ℓ) = (2, 1) and refines
Chow’s formula [20, Theorem 5]. One can also compute the fmajk,ℓ-distribution on signed
derangements ∑
w∈DBn
qfmajk,ℓ(w) = (1 + qℓ)n[n]qk !
n∑
i=0
(−1)i
qk(
i
2)
(1 + qℓ)i[i]qk !
. (4.25)
Equation (4.25) reduces to Chow’s formula [20, Theorem 5].
4.3. Involutions and absolute involutions. Permutations in Sn which consist only of
one-cycles and two-cycles, when written in cycle notation, are called involutions. Let In
be the set of all involutions in Sn. For a positive integer n, let
In(x, q, p) :=
∑
w∈In
xdes(w)qmaj(w)pfix(w),
where fix(w) is the number of fixed points of w and set In(x, q) := In(x, q, 1). This
polynomial was considered by De´sarme´nien and Foata in [24, Section 6] and later by
Gessel and Reutenauer in [35, Section 7], where they computed a generating function
for In(x, q, p). In particular, De´sarme´nien and Foata proved [24, Equation (6.2)] (where
(q; q)n is to be replaced by (t; q)n+1)∑
n≥0
In(x, q, p)
(x; q)n+1
zn =
∑
m≥0
(pz; q)−1m+1
∏
0≤i<j≤m
(1− z2qi+j)−1 xm, (4.26)
where I0(x, p, q) := 1.
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One can prove Equation (4.26) by taking the principal specialization of order m of the
quasisymmetric generating function for involutions according to fixed points [35, Equa-
tion (7.1)]∑
n≥0
∑
w∈In
Fn,Des(w)(x) p
fix(w)zn =
∏
i≥1
(1− pzxi)
−1
∏
1≤i<j
(1− z2xixj)
−1 (4.27)
This is essentially the approach of Gessel and Reutenauer in the proof of [35, Equa-
tion (7.2)]. The connecting link between the De´sarme´nien–Foata and Gessel–Reutenauer
approaches is Equation (2.9). To be more specific, one has [52, Corollary 7.13.8 and Ex-
ercise 7.28] ∑
λ
sλ(x) p
c(λ)z|λ| =
∏
i≥1
(1− pzxi)
−1
∏
1≤i<j
(1− z2xixj)
−1, (4.28)
where the sum runs through all partitions λ, c(λ) is the number of columns of λ of odd
length and |λ| is the sum of all parts of λ and therefore Equation (4.27) follows from
Equation (4.28), together with Equation (2.9) and the fact that the Robinson–Schensted
correspondence restricts to a des-preserving bijection between the set of involutions of Sn
and the set of all standard Young tableaux of size n.
An Euler–Mahonian identity on involutions involving the ”hook-content formula” for
Schur functions can be derived in the following way. Recall from [40, Example 1 of Sec-
tion 3] the following notation (
n
λ
)
q
:=
∏
u∈λ
1− qn−c(u)
1− qh(u)
,
slightly altered to match our notation, where for a cell u ∈ λ, c(u) and h(u) is the content
and the hook length of u, respectively. We refer to [52, Section 7.21] for more details on
these concepts. Then, Macdonald’s interpretation of Stanley’s ”hook-content formula”
[52, Theorem 7.21.2] becomes
psm(sλ(x)) = q
b(λ)
(
m
λ′
)
q
, (4.29)
where b(λ) :=
∑
i≥1(i−1)λi, for a partition λ = (λ1, λ2, . . . ) and λ
′ denotes the conjugate
partition to λ. Taking the principal specialization of order m on
F (In;x) =
∑
λ⊢n
sλ(x),
applying Formula (1.6) for A = In and using Equation (4.29) yields the following Euler–
Mahonian identity on In∑
m≥0
∑
λ⊢n
qb(λ)
(
m+ 1
λ′
)
q
xm =
In(x, q)
(x; q)n+1
. (4.30)
We discuss colored analogues of Equations (4.26) and (4.27) and (4.30). We deal with
two types of involutions in colored permutation groups, the colored involutions and the
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absolute involutions. A colored (resp. absolute) involution is an element w ∈ Sn,r, such
that w−1 = w (resp. w−1 = w). Let Irn (resp. I
abs
n ) be the set of all colored (resp. abso-
lute) involutions in Sn,r. Absolute involutions do not coincide with colored involutions for
r ≥ 3. For example, the colored permutation 312013426351 ∈ S6,4 is an involution, but not
an absolute involution and on the other hand the colored permutation 312011426353 ∈ S6,4
is an absolute involution, but not an involution.
Chow and Mansour [22, Section 4] studied colored involutions. In a similar fashion, if
w is an absolute involution with color vector (c1, c2, . . . , cn), then we see that
• w ∈ In and
• if w(i) = j, then cw(i) = cj computed modulo r,
for some i, j ∈ [n]. Modifying the arguments of Chow and Mansour [22, Proposition 7]
yields the following formulas
|Iabsn | = r
nn!
⌊n/2⌋∑
k=0
(1/2r)k
k!(n− 2k)!∑
n≥0
|Iabsn |
xn
n!
= er(x
2/2+x),
where |Iabs0 | := 1 and the following recurrence formula for the number of absolute involu-
tions in Sn,r,
|Iabsn+1| = r(|I
abs
n |+ n|I
abs
n−1|),
for every positive integer n ≥ 1, with initial condition |Iabs1 | = r.
A polynomial f(x) with real coefficients is called γ-positive if
f(x) =
⌊n/2⌋∑
i=0
γix
i(1 + x)n−2i,
for some n ∈ N and nonnegative reals γ0, γ1, . . . , γ⌊n/2⌋. Chow and Mansour implicitly
proved [22, Proposition 8] that the generating polynomial of the exc-statistic on colored
involutions is γ-positive for every even color r, where exc(w) is the number of excedances
of w, that is indices i ∈ [n], such that w(i) > i, or w(i) = i and ci > 0 for any colored
permutation w with color vector (c1, c2, . . . , cn). Recall from [55, Theorem 15] that exc
is Eulerian on colored permutations. Although it is not related to our study of Euler–
Mahonian distributions, we record it here because of its own importance. For every even
color r, [22, Proposition 8] states that
∑
w∈Irn
xexc(w) =
⌊n/2⌋∑
i=0
riγn,i x
i(1 + x)n−2i, (4.31)
where γn,i is the number of w ∈ In having i number of two-cycles. Gamma-positivity is
a property that implies symmetry and unimodality and appears often in combinatorics.
For more information we refer the reader to Athanasiadis’ comprehensive survey [7].
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In fact, one can further argue as in [22, Proposition 8] and prove the following∑
w∈Iabsn
xexc(w) =
⌊n/2⌋∑
i=0
riγn,i x
i(1 + (r − 1)x)n−2i,
where γn,i as in Equation (4.31). The above mentioned formulas coincide with the corre-
sponding formulas of Chow and Mansour [22] for r ≤ 2.
Absolute involutions appeared in Adin, Postnikov and Roichman’s study [3] of Gelfand
models for colored permutation groups Sn,r. They are suitable for providing a colored
analogue of De´sarme´nien and Foata’s Formula (4.26). In particular, the colored Robinson–
Schensted correspondence restricts to a des-preserving bijection between Iabsn and SYTn,r,
the set of all standard Young r-partite tableaux of size n. In addition, from its description
(see, for example, [3, Section 5]), the number of fixed points of color j of an absolute
involution in Sn,r is equal to the number of odd columns of the jth part of the P -
tableau, which corresponds to w via the colored Robinson–Schensted correspondence.
For a positive integer n, let
F (Iabsn ;X
(r), p0, p1 . . . , pr−1) :=
∑
w∈Iabsn
Fw(X
(r)) p
fix0(w)
0 p
fix1(w)
1 · · · p
fixr−1(w)
r−1 ,
be the quasisymmetric generating function for absolute involutions according to fixed
points of various colors, where fixj(w) is the number of fixed points of w ∈ Sn,r of color
j. Equation (4.32) reduces to Equation (4.27) for r = 1 and p0 = p.
Theorem 4.8. We have∑
n≥0
F (Iabsn ;X
(r), p0, p1 . . . , pr−1) z
n =
r−1∏
c=0
∏
i≥1
(1− zpcx
(c)
i )
−1
∏
1≤i<j
(1− z2x
(c)
i x
(c)
j )
−1.
(4.32)
In particular, for a positive integer n we have
F (Iabsn ;X
(r), p0, p1 . . . , pr−1) =
∑
λ=(λ(0),...,λ(r−1))⊢n
r−1∏
j=0
sλ(j)(x
(j)) p
c(λ(j))
j . (4.33)
Proof. The discussion before the statement of the theorem implies that∑
n≥0
F (Iabsn ;X
(r), p0, p1 . . . , pr−1) z
n =
∑
n≥0
∑
λ=(λ(0),...,λ(r−1))⊢n
∑
Q∈SYT(λ)
FQ(X
(r))
r−1∏
j=0
p
c(λ(j))
j z
n.
Thus, applying the expansion (2.10) yields∑
n≥0
F (Iabsn ;X
(r), p0, p1 . . . , pr−1) z
n =
∑
λ
r−1∏
j=0
sλ(j)(x
(j)) p
c(λ(j))
j z
|λ|, (4.34)
where the sum runs through all r-partite partitions λ = (λ(0), . . . , λ(r−1)) and |λ| :=
|λ(0)| + · · · + |λ(r−1)|. Now, Formula (4.33) follows by extracting the coefficient of zn in
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Equation (4.34) and Formula (4.32) follows by expanding the right-hand side of Equa-
tion (4.34) according to Equation (4.28) for every color. 
Specializing Equation (4.32) as in Theorens 3.3 and 3.5 provides colored analogues of
De´sarme´nien and Foata’s Formula (4.26). For a positive integer n, let
In(x, q, p0, . . . , pr−1) :=
∑
w∈Iabsn
xdes(w)qfmaj(w)p
fix0(w)
0 · · ·p
fixr−1(w)
r−1
Iflagn (x, q, p0, . . . , pr−1) :=
∑
w∈Iabsn
xfdes(w)qfmaj(w)p
fix0(w)
0 · · · p
fixr−1(w)
r−1
and set In(x, q) := In(x, q, 1, . . . , 1). The following corollary reduces to Equation (4.26)
for r = 1, p0 = p.
Corollary 4.9. We have∑
n≥0
In(x, q, p0, . . . , pr−1)
(x; qr)n+1
zn =
∑
m≥0
(p0z; q
r)−1m+1
∏
0≤i<j≤m
(1− z2qr(i+j))−1
r−1∏
c=1
(pcq
cz; qr)−1m
∏
0≤i<j≤m−1
(1− z2qr(i+j)+2c)−1 xm
(4.35)
and∑
n≥0
[x]rI
flag
n (x, q, p0, . . . , pr−1)
(xr; qr)n+1
zn =
∑
m≥0
(p0z; q
r)−1⌊m
r
⌋
∏
0≤i<j≤⌊m
r
⌋
(1− z2qr(i+j))−1
r−1∏
c=1
(pczq
c; qr)−1
⌊m−1
r
⌋
∏
0≤i<j≤⌊m−1
r
⌋
(1− z2qr(i+j)+2c)−1 xm
(4.36)
where I0(x, q, p0, . . . , pr−1) = I
flag
0 (x, q, p0, . . . , pr−1) := 1.
Proof. The proof follows by specializing Formula (4.32) as in Theorems 3.3 and 3.5 and
taking the generating function on m, changing the order of summation on the left-hand
side and using Equations (3.15) and (3.18) for C = Iabsn , respectively. 
In the case r = 2, Equation (4.35) for q = p0 = p1 = 1 was proved in [42, Theo-
rem 1.1] and the first instance of this reasoning appeared in the work of Athanasiadis
[7, Proof of Proposition 2.22]. Next, we compute Euler–Mahonian identities on absolute
involutions for the pairs (des, fmaj) and (des,maj), which reduce to Equation (4.30) for
r = 1.
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Theorem 4.10. For a positive integer n, we have∑
m≥0
∑
qr b(λ)+
∑r−1
j=0 j|λ
(j)|
(
m+ 1
λ(0)′
)
qr
(
m
λ(1)′
)
qr
· · ·
(
m
λ(r−1)′
)
qr
xm =
Iabsn (x, q)
(x; qr)n+1
(4.37)
∑
m≥0
∑
qb(λ)
(
m+ 1
λ(0)′
)
q
(
m
λ(1)′
)
q
· · ·
(
m
λ(r−1)′
)
q
xm =
∑
w∈Iabsn
xdes(w)qmaj(w)
(x; q)n+1
,
(4.38)
where the sums run through all r-partite partitions λ = (λ(0), . . . , λ(r−1)) of n and b(λ) :=
b(λ(0) + · · ·+ λ(r−1)).
Proof. For Equation (4.38), specialize Equation (4.33) for p0 = · · · = pr−1 = 1 as in
Theorem 3.1 and apply Corollary 3.2 for C = Iabsn and Equation (4.29) for very color. For
Equation (4.37), we specialize as in Theorem 3.3 and apply Corollary 3.4 as before, but
taking into account that
sλ(j)(q
j, qr+j, . . . , qr(m−2)+j , 0) = qj|λ
(j)|sλ(j)(1, q
r, . . . , qr(m−2), 0),
for every color 1 ≤ j ≤ r − 1, due to the homogeneousness of Schur functions. 
We finish by providing a colored generalization of a formula due to Athanasiadis [7,
Proposition 2.2.] (see also [36, Corollary 5.7 (b)]), which expresses the generating poly-
nomials of the des-distribution on In and I
2
n in terms of Eulerian polynomials An(x) and
An,2(x), respectively. Let I
abs
n (x) := I
abs
n (x, 1). For w ∈ Sn,r, let c
j(w) be the number of
colored cycles of w of color j, for every 0 ≤ j ≤ r − 1. The following corollary reduces to
[7, Proposition 2.22] for r ≤ 2.
Corollary 4.11. For a positive integer n, we have
Iabsn (x) =
1
rnn!
∑
w∈Sn,r
(1− x)n−c
0(ww)Ac0(ww),r(x). (4.39)
Proof. From Equation (3.15), for C = Iabsn and q = 1, we have
Iabsn (x)
(1− x)n+1
=
∑
m≥1
F (Iabsn ; 1
m, 1m−1, . . . , 1m−1) xm−1, (4.40)
where 1m in the above notation means that x
(0)
1 = x
(0)
2 = · · · = x
(0)
m = 1 and x
(0)
m+1 =
x
(0)
m+2 = · · · = 0 etc.. Applying Equation (4.33) for p0 = p1 = · · · = pr−1 = 1, Equa-
tion (4.40) becomes
Iabsn (x)
(1− x)n+1
=
∑
m≥1
∑
sλ(0)(1
m)sλ(1)(1
m−1) · · · sλ(r−1)(1
m−1) xm−1, (4.41)
where the second sum runs through all r-partite partitions λ = (λ(0), . . . , λ(r−1)) of n.
From the properties of the characteristic map, we know that
sλ(0)(1
m)sλ(1)(1
m−1) · · · sλ(r−1)(1
m−1) = ch(χλ)(1m, 1m−1, . . . , 1m−1)
30 VASSILIS-DIONYSSIS MOUSTAKAS
and we can use Equation (2.11) to expand it in the colored power sum basis, as follows
chr(χ
λ)(1m, 1m−1, . . . , 1m−1) =
1
rnn!
∑
w∈Sn,r
χλ(w)pct(w)(1
m, 1m−1, . . . , 1m−1),
where χλ is the irreducible Sn,r-character associated with the r-partite partition λ ⊢ n.
But,
pct(w)(1
m, 1m−1, . . . , 1m−1) =
r−1∏
j=0
(m+ (ζj + ζ2j + · · ·+ ζ (r−1)j)(m− 1))c
j(w)
= (r(m− 1) + 1)c
0(w)
r−1∏
j=1
(m− (m− 1))c
j(w)
= (r(m− 1) + 1)c
0(w),
because
ζj + ζ2j + · · ·+ ζ (r−1)j =
1− ζjr
1− ζj
− 1 = −1,
for every 1 ≤ j ≤ r − 1. Combining these calculations, substituting in Equation (4.41)
and changing the order of summation yields
Iabsn (x)
(1− x)n+1
=
1
rnn!
∑
w∈Sn,r
(∑
λ⊢n
χλ(w)
) (∑
m≥0
(rm+ 1)c
0(w) xm
)
. (4.42)
A special case of a well known result due to Frobenius and Schur (see, for example, [52,
Exercise 7.69 (c)] and references therein) is that the sum of all irreducible Sn-characters
computed in the conjugacy class corresponding to the cycle type of w ∈ Sn is equal to
the number of square roots of w in Sn. Adin, Postnikov and Roichman [3, Theorem 3.4]
extended this result to colored permutation groups by proving the following∑
λ⊢n
χλ(w) = |{u ∈ Sn,r : uu = w}|, (4.43)
for every w ∈ Sn,r. Thus, the proof follows by substituting Equation (4.43) in Equa-
tion (4.42) and using Steingr´ımsson’s Formula (2.1) 
4.4. Bimahonian and multivariate distributions. In what follows, the generating
polynomials of permutation statistics are set to equal 1 for n = 0. For a permutation
statistic stat and a colored permutation w, we write istat(w) := stat(w−1) and istat(w) :=
stat(w−1). A pair of statistics is called bimahonian if it is equidistributed with (maj, imaj).
A celebrated result, due to Foata and Schu¨tzenberger [30, Theorem 1], states that the
pair (maj, inv) is bimahonian on Sn. Gessel [32, Theorem 8.5] computed the following
generating function for the bimahonian statistic (inv,maj)∑
n≥0
∑
w∈Sn
qinv(w)pmaj(w)
(q)n(p)n
zn =
1
(z; q, p)∞,∞
, (4.44)
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where
(z; q, p)∞,∞ :=
∏
i≥1
∏
j≥1
(1− zqi−1pj−1).
Equation (4.44) also holds for the bimahonian pair (maj, imaj). This appeared implicitly
in Gordon’s work [37] and later made explicit by Roselle [48]. Because of that, Equa-
tion (4.44) for the bimahonian pair (maj, imaj) is often called Roselle identity. Garsia
and Gessel [31] studied bieulerian-bimahonian distributions, meaning the four-variate dis-
tribution (des, ides,maj, imaj) and proved the following generating function∑
n≥0
∑
w∈Sn
xdes(w)yides(w)qmaj(w)pimaj(w)
(x; q)n+1(y, p)n+1
zn =
∑
m1≥0
∑
m2≥0
xm1ym2
(z; q, p)m1+1,m2+1
, (4.45)
where
(z; q, p)k,l :=
k∏
i=1
l∏
j=1
(1− zqi−1pj−1),
for every positive integers k, l.
Equations (4.44) and (4.45) can be proved by taking the stable principal specializa-
tion and the principal specialization of order m of the following identity [52, Equa-
tion (7.114) and Equation (7.44)]∑
n≥0
∑
w∈Sn
Fn,Des(w)(x)Fn,Des(w−1)(y) z
n =
∏
i≥1
∏
j≥1
(1− zxiyj)
−1, (4.46)
and using Formulas (1.7) and (1.6) for A = Sn, respectively. This is essentially the
approach of [52, Corollary 7.23.9] (see also [24]). This section develops a colored ana-
logue of this approach and provides colored analogues of Equations (4.44) and (4.45) for
bimahonian and bieulerian-bimahonian distributions on colored permutations.
For every 0 ≤ j ≤ r−1, let x′(j) = (x
′(j)
1 , x
′(j)
2 , . . . ) be another sequence of commuting in-
determinates and let X′(r) := (x
′(0)
i , x
′(1)
i , . . . , x
′(r−1)
i )i≥1. The following lemma, essentially
due to Poirier [46, Lemma 4], is a colored analogue of Equation (4.46).
Lemma 4.12. We have∑
n≥0
∑
w∈Sn,r
Fw(X
(r))Fw−1(X
′(r)) zn =
r−1∏
c=0
∏
i≥1
∏
j≥1
(1− zx
(c)
i x
′(c)
j )
−1. (4.47)
Proof. Recall from [46, Lemma 4] that∑
n≥0
∑
λ⊢n
sλ(X
(r))sλ(X
′(r)) zn =
r−1∏
c=0
∏
i≥1
∏
j≥1
(1− zx
(c)
i x
′(c)
j )
−1, (4.48)
The proof follows by expanding the products sλ(X
(r)), sλ(X
′(r)) in the left-hand side of
Equation (4.48) using Equation (2.10) and then applying the colored Robinson–Schensted
correspondence. 
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The following corollary computes generating functions for the bimahonian distribu-
tion (maj, imaj) and for the bieulerian-bimahonian distributions (des, ides,maj, imaj) and
(des∗, ides∗,maj, imaj) on colored permutations. Generating functions for the four-variate
distribution (des, ides,maj, imaj) on colored permutations have been proved by Biagioli
and Zeng [16, Theorem 7.1], where the authors use the length order and by Reiner [47,
Corollary 7.3], where he considers i ∈ [n] to be a descent of w ∈ Sn,r, if ℓ(ws
−1
i ) = ℓ(w)−1,
where s1, s2, . . . , sn−1 and sn := s0, as defined in Section 2.1. For r = 2, Equation (4.50)
coincides with Biagioli and Zeng’s formula.
Corollary 4.13. We have
∑
n≥0
∑
w∈Sn,r
qmaj(w)pimaj(w)
(q)n(p)n
zn =
1
(z; q, p)r∞,∞
, (4.49)
and∑
n≥0
∑
w∈Sn,r
xdes(w)yides(w)qmaj(w)pimaj(w)
(x; q)n+1(y; p)n+1
zn =
∑
m1,m2≥0
xm1ym2
(z; q, p)m1+1,m2+1(z; q, p)
r−1
m1,m2
(4.50)∑
n≥0
∑
w∈Sn,r
xdes
∗(w)yides
∗(w)qmaj(w)pimaj(w)
(x; q)n+1(y; p)n+1
zn =
∑
m1,m2≥0
xm1ym2
(z; q, p)rm1+1,m2+1
. (4.51)
Proof. Combine Corollary 3.2 for C = Sn,r and Lemma 4.12 and the proof follows. 
The following corollary computes the generating functions for the bimahonian distri-
bution (fmaj, ifmaj) and bieulerian-bimahonian distributions (des, ides, fmaj, ifmaj) and
(des∗, ides∗, fmaj, ifmaj) on r-colored permutations. Generating functions for the bimaho-
nian distribution (fmaj, ifmaj) have been proved by Foata and Han [28, Equation (4.3)]
for r = 2, where the authors use the color order, by Biagioli and Zeng [16, Proposi-
tion 8.5], where the authors use the length order and by Biagioli and Caselli [14, Equa-
tion (21) for p = s = 1], where the authors use the color order. The latter also proved [14,
Proposition 6.2 for a1 = a2 = 1] a generating function for the four-variate distribution
(des, ides, fmaj, ifmaj) on r-colored permutations. For r = 2 Equation (4.52) coincides
with Foata–Han, Biagioli–Zeng and Biagioli–Caselli’s formulas and for the case r ≥ 3,
Equations (4.52) and (4.53) are slightly different than Biagioli and Caselli’s formulas [14,
Equation (21) and Proposition 6.2], respectively.
Corollary 4.14. We have
∑
n≥0
∑
w∈Sn,r
qfmaj(w)pifmaj(w)
(qr)n(pr)n
zn =
r−1∏
c=0
1
(z(qp)c; qr, pr)∞,∞
, (4.52)
and
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∑
n≥0
∑
w∈Sn,r
xdes(w)yides(w)qfmaj(w)pifmaj(w)
(x; qr)n+1(y; pr)n+1
zn =
∑
m1,m2≥0
xm1ym2
(z; qr, pr)m1+1,m2+1
r−1∏
c=1
(z(qp)c; qr, pr)m1,m2
(4.53)
and∑
n≥0
∑
w∈Sn,r
xdes
∗(w)yides
∗(w)qfmaj(w)pifmaj(w)
(x; qr)n+1(y; pr)n+1
zn =
∑
m1,m2≥0
xm1ym2
r−1∏
c=0
(z(qp)c; qr, pr)m1+1,m2+1
.
(4.54)
Proof. Combine Corollary 3.4 for C = Sn,r and Lemma 4.12 and the proof follows. 
The following corollary computes a generating function for the bieulerian-bimahonian
distribution (fdes, ifdes, fmaj, ifmaj) on r-colored permutations, which reduces to Foata
and Han’s formula [28, Theorem 1.1], for r = 2, where the authors use the color order.
Corollary 4.15. We have
∑
n≥0
[r]x[r]y
∑
w∈Sn,r
xfdes(w)yifdes(w)qfmaj(w)pifmaj(w)
(xr; qr)n+1(yr; pr)n+1
zn =
∑
m1,m2≥0
xm1ym2
(z; qr, pr)⌊m1
r
⌋+1,⌊
m2
r
⌋+1
r−1∏
c=1
(z(qp)c; qr, pr)
⌊
m1−1
r
⌋+1,⌊
m2−1
r
⌋+1
. (4.55)
Proof. Combine Theorem 3.5 for C = Sn,r and Lemma 4.12 and the proof follows. 
We close this section by providing generating functions for the bimahonian statistic
(fmajk,ℓ, ifmajk′,ℓ′) and for the bieulerian-bimahonian statistic (des, ides, fmajk,ℓ, ifmajk′,ℓ′)∑
n≥0
∑
w∈Bn
qfmajk,ℓ(w)pifmajk′,ℓ′(w)
(qk)n(pk
′)n
zn =
1
(z; qk, pk′)∞,∞(zqℓpℓ
′ ; qk, pk′)∞,∞
(4.56)
and∑
n≥0
∑
w∈Bn
xdes(w)yides(w)qfmajk,ℓ(w)pifmajk′,ℓ′(w)
(x; qk)n+1(y; pk
′)n+1
zn =
∑
m1,m2≥0
xm1ym2
(z; qk, pk′)m1+1,m2+1(zq
ℓpℓ′ ; qk, pk′)m1,m2
, (4.57)
for some positive (resp. nonnegative) integers k, k′ and ℓ, ℓ′, which reduce to Equations
(4.49), (4.52) and (4.50), (4.53) for r = 2 and (k, ℓ) = (k′, ℓ′) = (1, 0), (k, ℓ) = (k′, ℓ′) =
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(2, 1), respectively. Assigning different values for the pairs (k, ℓ) and (k′, ℓ′) in Formula
(4.56) results, for example, in generating functions for pairs of different Mahonian statis-
tics on signed permutations such as (maj, fmaj) (see also [15, Equation (5.12)] and [16,
Proposition 8.4]).
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